Non-zero constraints in quantitative coupled physics
Imaging

Giovanni S. Alberti

University of Genoa, Department of Mathematics

Quantitative Tomographic Imaging — Radon meets Bell and Maxwell

Giovanni S. Alberti (University of Genoa) Constraints in hybrid imaging RICAM, 13 July 2017 1/29



Internal data in quantitative hybrid imaging problems
» Hybrid conductivity imaging [Widlak, Scherzer, 2012]
—div(a Vu?) = 0 in Q,
ut=p;  on IN.

u'(z) or a(x)Vu'(r) or a(z) }Vui}z (x) —
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Internal data in quantitative hybrid imaging problems
» Hybrid conductivity imaging [Widlak, Scherzer, 2012], Quantitative PAT
—div(a Vu®)+pu’ =0 in Q,
ut=¢@;  on 9.

u'(z) or a(x)Vu'(z) or a(w) |Vul|2(1:) or p(z)u’(x) AN a, J
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Internal data in quantitative hybrid imaging problems
» Hybrid conductivity imaging [Widlak, Scherzer, 2012], Quantitative PAT
—div(a Vu®)+pu’ =0 in Q,
ut=¢@;  on 9.

u'(x) or a(x)Vu'(z) or a(x) |Vul|2(1:) or p(z)u’(x) AN a, J

» Quantitative thermoacoustic tomography [Bal et al., 2011, Ammari et al., 2013]
Aul + (w? +iwo)ut =0 in €2,
ut=p;  on IN.

o@) W (@) 5 o J
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Internal data in quantitative hybrid imaging problems
» Hybrid conductivity imaging [Widlak, Scherzer, 2012], Quantitative PAT
—div(a Vu®)+pu’ =0 in Q,
ut=¢@;  on 9.

u'(x) or a(x)Vu'(z) or a(x) |Vul|2(1:) or p(z)u’(x) AN

a, [ J

» Quantitative thermoacoustic tomography [Bal et al., 2011, Ammari et al., 2013]

Aul + (w? +iwo)ut =0 in €2,
ut = p; on 0f.

o@) W (@) 5 o

» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlFt = iwH? in Q,
curlH' = —i(we +i0)E*  in Q,
E'xv=¢;xv  on 0.

Hi(x) — &0
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Internal data in quantitative hybrid imaging problems
» Hybrid conductivity imaging [Widlak, Scherzer, 2012], Quantitative PAT
—div(a Vu®)+pu’ =0 in Q,
ut=¢@;  on 9.

u'(x) or a(x)Vu'(z) or a(x) |Vul|2(1:) or p(z)u’(x) AN a, J

» Quantitative thermoacoustic tomography [Bal et al., 2011, Ammari et al., 2013]
Aul + (w? +iwo)ut =0 in €2,
ut = p; on 0f.

o@) W (@) 5 o J

» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlFt = iwH? in Q,
curlH' = —i(we +i0)E*  in Q,
E'xv=¢;xv  on 0.

Hi(z) -5 &0 J

The measurements are meaningful at z € Q if at least v, (x) # 0, Vul (z) #0, ...
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Why do non-zero constraints matter?
» Consider for simplicity the hybrid conductivity problem

—div(a Vu) =0 in €2,
U= on 0f.

with internal data Vu and unknown a.
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Why do non-zero constraints matter?
» Consider for simplicity the hybrid conductivity problem

—div(a Vu) =0 in €2,
U= on 0f.

with internal data Vu and unknown a.
» With 1 measurement:

Va-Vu=—-aAu = V(loga) -Vu=-Au
This equation may be solved in « if a is known on 9 and if

Vu(z) # 0, x € .
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Why do non-zero constraints matter?
» Consider for simplicity the hybrid conductivity problem

—div(a Vu) =0 in €2,
U= on 0f.

with internal data Vu and unknown a.
» With 1 measurement:

Va-Vu=—-aAu = V(loga) -Vu=-Au
This equation may be solved in « if a is known on 9 and if

Vu(z) # 0, x € .

> With d measurements:
V(loga) - (Vul, -, Vud) = —(Ad,..., Au?)
— V(loga) = —(Au', ..., Aud)(Vul, - Vud)~?
This equation may be solved in a if a is known at 2y € 92 and

det [Vul(z) .-+ Vui(z)] #0, x €.
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Main question

Is it possible to find suitable illuminations ¢; so that the corresponding solutions
u® satisfy certain non-zero constraints, such as the absence of critical points?
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Main question

Is it possible to find suitable illuminations ¢; so that the corresponding solutions
u® satisfy certain non-zero constraints, such as the absence of critical points?

Ideally, we would like to construct the ;s a priori, namely independently of the
unknown parameters.
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Outline of the talk

@ The conductivity equation
© The Helmholtz equation

© The Maxwell's equations

G. S. Alberti and Y. Capdeboscq. Lectures on elliptic methods for hybrid
inverse problems. Technical Report 2016-46, SAM, ETH Ziirich, 2016.

Guillaume Bal. Hybrid inverse problems and internal functionals. In /nverse
problems and applications: inside out. Il, volume 60 of Math. Sci. Res. Inst.
Publ., pages 325-368. Cambridge Univ. Press, Cambridge, 2013.

Peter Kuchment. Mathematics of hybrid imaging: a brief review. In The
mathematical legacy of Leon Ehrenpreis, volume 16 of Springer Proc. Math.,
pages 183-208. Springer, Milan, 2012.
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Outline of the talk

@ The conductivity equation
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The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let Q C R? be a C® bounded convex domain and a € C%(€; R?*?) be
uniformly elliptic. Let u' € H'(Q) be the solutions to

—div(aVu') =0 in Q, u =y on ON.

Then
det [Vu'(z) Vu?(z)] #0, xz €.
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The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let Q C R? be a C® bounded convex domain and a € C%(€; R?*?) be
uniformly elliptic. Let u' € H'(Q) be the solutions to

—div(aVu') =0 in Q, u =y on ON.
Then
det [Vu'(z) Vu?(z)] #0, xz €.
> det [Vu'(zo) Vu?(z0)] =0
0

Giovanni S. Alberti (University of Genoa)

Constraints in hybrid imaging RICAM, 13 July 2017 7/ 29




The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let Q C R? be a C® bounded convex domain and a € C%(€; R?*?) be
uniformly elliptic. Let u' € H'(Q) be the solutions to

—div(aVu') =0 in Q, u =y on ON.
Then
det [Vu'(z) Vu?(z)] #0, xz €.
> det [Vu'(zo) Vu?(z0)] =0
0

» Thus, aVu'(zg) + BVu?(xg) =0

Giovanni S. Alberti (University of Genoa)

Constraints in hybrid imaging RICAM, 13 July 2017 7/ 29




The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let Q C R? be a C® bounded convex domain and a € C%(€; R?*?) be
uniformly elliptic. Let u' € H'(Q) be the solutions to

—div(aVui) =0 in Q, ul =y on Of).
Then
det [Vu'(z) Vu?(z)] #0, xz €.
> det [Vu'(zo) Vu?(z0)] =0
0

» Thus, aVu'(zg) + BVu?(xg) =0
> Set v(z) = aul(z) + Bu?(x):

» —div(aVv) =0in Q

4 V’U(a?o) =0
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The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let 2 C R? be a C** bounded convex domain and a € C%%(Q; R?*?) be
uniformly elliptic. Let u* € H*(S)) be the solutions to

—~div(aVu') =0 in §, u' = x; on 0f).
Then
det [Vul(z) Vu?(z)] #0, x € €.

> det [Vu'(zo) Vu?(z0)] =0
o > Thus, aVul(zg) + SVu?(xg) =0
> Set v(z) = aul(z) + fu?(x):
» —div(aVv) =0in Q
» Vo(zo) =0

» Thus, v has a saddle point in x
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The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let 2 C R? be a C** bounded convex domain and a € C%%(Q; R?*?) be
uniformly elliptic. Let u* € H*(S)) be the solutions to

—~div(aVu') =0 in §, u' = x; on 0f).

Then
det [Vul(z) Vu?(z)] #0, x € €.

> det [Vu'(zo) Vu?(z0)] =0
o > Thus, aVul(zg) + SVu?(xg) =0
> Set v(z) = aul(z) + fu?(x):
» —div(aVv) =0in Q
» Vo(zo) =0

» Thus, v has a saddle point in x
» Then v has two oscillations on 092
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The Rado-Kneser-Choquet theorem

Theorem (Alessandrini Magnanini 1994, Bauman et al. 2000, Alessandrini Nesi 2015)

Let 2 C R? be a C** bounded convex domain and a € C%%(Q; R?*?) be
uniformly elliptic. Let u* € H*(S)) be the solutions to

—~div(aVu') =0 in §, u' = x; on 0f).

Then
det [Vul(z) Vu?(z)] #0, x € €.

> det [Vu'(zo) Vu?(z0)] =0
o > Thus, aVul(zg) + SVu?(xg) =0
> Set v(z) = aul(z) + fu?(x):
» —div(aVv) =0in Q
» Vo(zo) =0

» Thus, v has a saddle point in x
» Then v has two oscillations on 092
> But v(z) = ax; + Sz on 00
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The failure in three dimensions

—div(aVu') =0 in Q, u' = @ on 09Q2.
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The failure in three dimensions
—div(aVu') =0 in £, u' = @ on 09Q2.

In three dimensions, the above result fails. Several counterexamples:

1. Laugesen 1996: the harmonic case (a = 1) for a specific diffeomorphism
¢ = (¢ ¢%
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The failure in three dimensions

—div(aVu') =0 in £, u' = @ on 09Q2.

In three dimensions, the above result fails. Several counterexamples:
1. Laugesen 1996: the harmonic case (a = 1) for a specific diffeomorphism
¢ = (¢!, 9%
2. Briane et al 2004: the non-constant case (homogenization) for a specific
diffeomorphism ¢ = (!, ©?)
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The failure in three dimensions
—div(aVu') =0 in £, u' = @ on 09Q2.

In three dimensions, the above result fails. Several counterexamples:
1. Laugesen 1996: the harmonic case (a = 1) for a specific diffeomorphism
= (", ¢%)
2. Briane et al 2004: the non-constant case (homogenization) for a specific
diffeomorphism ¢ = (!, ©?)
3. Could it be possible to find (!, ©?) independently of a so that for every
x e

det [Vu'(z) Vu?(z) Vud(x)] #0?
Capdeboscq 2015: No! (by using 2.)
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The failure in three dimensions
—div(aVu') =0 in £, u' = @ on 09Q2.

In three dimensions, the above result fails. Several counterexamples:

1. Laugesen 1996: the harmonic case (a = 1) for a specific diffeomorphism
¢ = (¢'¢?)

2. Briane et al 2004: the non-constant case (homogenization) for a specific
diffeomorphism ¢ = (!, ©?)

3. Could it be possible to find (!, ©?) independently of a so that for every
x e

det [Vu'(z) Vu?(z) Vud(x)] #0?

Capdeboscq 2015: No! (by using 2.)

4. What about critical points: can we find ¢ independently of a so that for
every x € ()

Vu(z) # 07
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Critical points in 3D

What about critical points: can we find ¢ independently of a so that
Vu(z) # 0, x e Q?
Theorem (GSA, Bal, Di Cristo, ARMA 2017)
Let Q C R® be a bounded Lipschitz domain. Take ¢ € C(0X)N Hz(8X). There

exists a (nonempty open set of) a € C°*°(X) such that the solution u € H'(X) to

—div(aVu) =0 in Q,
U= on 052,

has a critical point in 0, namely Vu(xz) = 0 for some z € Q.
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Critical points in 3D

What about critical points: can we find ¢ independently of a so that

Vu(z) # 0, x e N?

Theorem (GSA, Bal, Di Cristo, ARMA 2017)

Let  C R® be a bounded Lipschitz domain. Take ¢ € C(0X) N Hz(dX). There
exists a (nonempty open set of) a € C*°(X) such that the solution u € H'(X) to

—div(aVu) =0 in Q,
U= on 052,

has a critical point in 0, namely Vu(xz) = 0 for some z € Q.

Can be extended to deal with:
» multiple boundary values;

» multiple critical points (located in arbitrarily small balls);

» and Neumann boundary conditions.
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Constraints in hybrid imaging
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Alternative approaches

» Complex geometrical optics solutions [Sylvester and Uhlmann, 1987]

» u(z) = e®m (cos(tay) +isin(tzy)) (14 ), t> 1.

> If t > 1 then u(®(z) ~ e'® (cos(tx;) + isin(tz;)) in C* [Bal and Uhlmann,
2010]

> The traces on the boundary of these solutions give the required ;s

» Need smooth coefficients, construction depends on coefficients.

> Only for isotropic coefficients
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Alternative approaches

» Complex geometrical optics solutions [Sylvester and Uhlmann, 1987]

» u®(z) = e (cos(tay) + isin(tx;)) (1 +v:), > 1.

> If t > 1 then u(®(z) ~ e'® (cos(tx;) + isin(tz;)) in C* [Bal and Uhlmann,
2010]

» The traces on the boundary of these solutions give the required ;s

» Need smooth coefficients, construction depends on coefficients.

> Only for isotropic coefficients

» Runge approximation [Lax 1956, Bal and Uhlmann 2013]

» There exist solutions that are locally closed to the solutions of the constant
coefficient PDE.

» Based on unique continuation, non constructive.

» Also for anisotropic coefficients.
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Alternative approaches

» Complex geometrical optics solutions [Sylvester and Uhlmann, 1987]

» u®(z) = e (cos(tay) + isin(tx;)) (1 +v:), > 1.

> If t > 1 then u(®(z) ~ e'® (cos(tx;) + isin(tz;)) in C* [Bal and Uhlmann,
2010]

» The traces on the boundary of these solutions give the required ;s

» Need smooth coefficients, construction depends on coefficients.

> Only for isotropic coefficients

» Runge approximation [Lax 1956, Bal and Uhlmann 2013]

» There exist solutions that are locally closed to the solutions of the constant
coefficient PDE.

» Based on unique continuation, non constructive.

» Also for anisotropic coefficients.

» Stability results without the constraints

» Ultrasounds + microwave [Alessandrini, 2014], Quantitative photoacoustic
tomography [Alessandrini et al., 2017]
» Based on quantitative estimates of unique continuation.
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Outline of the talk

© The Helmholtz equation
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The Helmholtz equation

» We now consider the Helmholtz equation

Aul, + (w?e +iwo) ul, = 0 in Q,
ul, =¢;  on 0.

where Q C R4, d=2,3, 6,0 € L®(Q), 0,e <A, e > AL
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The Helmholtz equation

» We now consider the Helmholtz equation

Aul, + (w?e +iwo) ul, = 0 in Q,
ul, = on 9Q.

where Q C R4, d=2,3, 6,0 € L®(Q), 0,e <A, e > AL

» We are interested in the constraints:
L. |us| (z) > 0 (nodal set)

2. |det [VuZ - Vul"']|(z) > 0 (Jacobian)
al . it
3. |det | oy |(x) > 0 (“augmented” Jacobian)

Vol oo vttt
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The Helmholtz equation

» We now consider the Helmholtz equation

Aul, + (w?e +iwo) ul, = 0 in Q,
ul, =¢;  on 0.

where Q C R4, d=2,3, 6,0 € L®(Q), 0,e <A, e > AL

» We are interested in the constraints:
L. |us| (z) > 0 (nodal set)

2. |det [VuZ - Vul"']|(z) > 0 (Jacobian)
Uy, udtt “ " .
3. |det Vul ... yadt! |(x) > 0 (“augmented” Jacobian)

» Since solutions u!, are oscillatory, they will not in general satisfy these
contraints. The Radé-Kneser-Choquet theorem (constraint 2.) fails.
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The Helmholtz equation

» We now consider the Helmholtz equation

Aul, + (w?e +iwo) ul, = 0 in Q,
ul, =¢;  on 0.

where Q C R4, d=2,3, 6,0 € L®(Q), 0,e <A, e > AL

» We are interested in the constraints:
L. |us| (z) > 0 (nodal set)

2. |det [VuZ - Vul"']|(z) > 0 (Jacobian)
I
3. |det V:LJ&, Vljf,“ |(x) > 0 (“augmented” Jacobian)

» Since solutions u!, are oscillatory, they will not in general satisfy these
contraints. The Radé-Kneser-Choquet theorem (constraint 2.) fails.

» CGO solutions and the Runge approximation may be used also in this case,
but the corresponding boundary conditions ¢; are not explicitly constructed.
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The Helmholtz equation

» We now consider the Helmholtz equation

Aul, + (w?e +iwo) ul, = 0 in Q,
ul, =¢;  on 0.

where Q C R4, d=2,3, 6,0 € L®(Q), 0,e <A, e > AL

» We are interested in the constraints:
L. |us| (z) > 0 (nodal set)

2. |det [VuZ - Vul"']|(z) > 0 (Jacobian)
I
3. |det V:LJ&, Vljf,“ |(x) > 0 (“augmented” Jacobian)

» Since solutions u!, are oscillatory, they will not in general satisfy these
contraints. The Radé-Kneser-Choquet theorem (constraint 2.) fails.

» CGO solutions and the Runge approximation may be used also in this case,
but the corresponding boundary conditions ¢; are not explicitly constructed.

» Is there an alternative approach?
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Multi-Frequency Approach: main result
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Multi-Frequency Approach: main result
AU uniform partition of A = [Kmin, Kmaz] with n points

0 \//\71 V )\N .A vV )\N+] \//\N+2
| | | |
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Multi-Frequency Approach: main result

KU uniform partition of A = K, Konaz] With n points

0

VA1 \/)\jy A VAN+1 VAN+2
| | | | |
\ \ \

Theorem (GSA, IP 2013 & CPDE 2015)

There exist C' > 0 and n € N* depending only on ), A and A such that the
following is true. Take

p1 =1, P = 1,
There exists an open cover _
P a- |J o

weK ™

and every x € ), we have

Pd+1 = Zq-

such that for every w € ")

L |uy|(z) > C,
2. |det [Vu2 -+ Vudt]|(z) > C,
wl o gl
3. |det | o Vu 1 ngﬂ] (z) > C
Giovanni S. Alberti (University of Genoa) .
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Multi-Frequency Approach: basic idea |

As an example, let us consider the 1D case with ¢ =1 and 0 = 0.

L. |ul(z)| > C: the zero set of ul, moves when w varies:
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Multi-Frequency Approach: basic idea |

As an example, let us consider the 1D case with ¢ =1 and 0 = 0.

L. |ul(z)| > C: the zero set of ul, moves when w varies:

N/
VARV

Giovanni S. Alberti (University of Genoa) Constraints in hybrid imaging RICAM, 13 July 2017 15 / 29

=3




Multi-Frequency Approach: basic idea |l

1. |ul(z)| = C: the zero set of ul, may not move if the boundary condition is
not suitably chosen:
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Multi-Frequency Approach: basic idea |l

1. |ul(z)| > C: the zero set of ul, may not move if the boundary condition is
not suitably chosen:

p(—m) = -1, <P(7r) =1

I/ANA
V/ERVARV/

Giovanni S. Alberti (University of Genoa) Constraints in hybrid imaging RICAM, 13 July 2017 16 / 29
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Multi-Frequency Approach: w =0

1. |uf(x)| > 0 everywhere forw =0 = the zeros “move”

N
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Multi-Frequency Approach: w =0
1. |u(1) (x)] *# 0 everywhere for w =0 = some zeros may “get stuck”

p(—=m) = —1, p(m) =1

IANNA S|
TN
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Multi-Frequency Approach: w =0
1. }u(l) (x)] # 0 everywhere for w =0 = some zeros may “get stuck”

p(=m) =1, p(m) =1

AWA

U

: N4

It seems that all depends on the w = 0 case: the unknowns ¢ and o disappear!
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What happens in w = 07

Aul, + (w?e +iwo)ul, =0 in Q,
ul, =¢;  on 0.
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What happens in w = 07

Auly =0 in Q,
uly = ¢ on 0.
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What happens in w = 07

Auly =0 in Q,
uly = ¢ on 0.

L |ul|(z) > C >0, 2. |det [Vu2 -+ Vui]|(z) >C >0,
ul ud+1
3. |det V;i V;gﬂ] |(z) > C >o0.
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What happens in w = 07

Aul =0 in Q,
uly = ¢ on 0.

L |ul|(z) > C >0, 2. |det [Vu2 -+ Vui]|(z) >C >0,

d+1

ul
|detvl Vd+1

W@ZC>O

These conditions are immediately satisfied by choosing the boundary values

Y1 = 17
Y2 = T1,
Pd+1 = Ld-

Giovanni S. Alberti (University of Genoa) Constraints in hybrid imaging RICAM, 13 July 2017
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How to pass from 0 to w?
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How to pass from 0 to w?

Aul + (w?e +iwo)ul, =0 in Q,
ul, = p; on 0f.

UJEC\\/E, ZZ{)\l}l

A=—
= NoYE/ A Vs Vs
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How to pass from 0 to w?

Aul + (w?e +iwo)ul, =0 in Q,
ul, = p; on 0f.

[ weC\VE, Z={\}k

e N/ A Vs VoW
Lemma
The map C\ VX — C(Q), w ~ u’, is holomorphic. J
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How to pass from 0 to w?

Aul + (w?e +iwo)ul, =0 in Q,
ul, = p; on 0f.

[ weC\VE, Z={\}k

e N/ A Vs VoW
Lemma
The map C\ VX — C(Q), w ~ u’, is holomorphic. J

» The set Z, = {w € A:ul(z) =0} is finite (consider 1. for simplicity)
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How to pass from 0 to w?

Aul + (w?e +iwo)ul, =0 in Q,
ul, = p; on 0f.

[ weC\VE, Z={\}k

= NS YRV A Vs Now
Lemma

The map C\ VX — C(Q), w ~ u’, is holomorphic.

» The set Z, = {w € A:ul(z) =0} is finite (consider 1. for simplicity)
> Namely, the zero level sets movel!
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How many frenquencies are needed?

Theorem (GSA and Capdeboscq, CM 2016)

Take ¢ = 1. Assume that o and ¢ are real analytic. The set

{(wl,...7wd+1)€.«4d+1 IIII%D(|U51|+"'+|ULP |)>O}

Wd+1

is open and dense in A%t
In other words, (almost any) d + 1 frequencies are ok.
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Take ¢ = 1. Assume that o and ¢ are real analytic. The set

{(w1,~--7wd+1) € AT min([uf, [+ + [uf,,, ) > 0}
Q

Wd+1

is open and dense in A%t
In other words, (almost any) d + 1 frequencies are ok.

Proof-

> Classical elliptic regularity theory implies that u? is real analytic
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Theorem (GSA and Capdeboscq, CM 2016)

Take ¢ = 1. Assume that o and ¢ are real analytic. The set
{(wl,.. ,Wap1) € AL mén (ug, |+ |de+1|)>0}

is open and dense in A%t
In other words, (almost any) d + 1 frequencies are ok.

Proof-

> Classical elliptic regularity theory implies that u? is real analytic
» Theset X ={z € Q: |[uf,| = = |uf,| =0} is an analytic variety
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How many frenquencies are needed?

Theorem (GSA and Capdeboscq, CM 2016)

Take ¢ = 1. Assume that o and ¢ are real analytic. The set
{(wl,...7wd+1) e A min |u“" |—|— +|uwd+1| >0}
Q

is open and dense in A%t
In other words, (almost any) d + 1 frequencies are ok.

Proof.
> Classical elliptic regularity theory implies that u? is real analytic
» Theset X ={z € Q: |[uf,| = = |uf,| =0} is an analytic variety
> Stratification for analytic varieties: X = J, A, A; analytic submanifolds
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How many frenquencies are needed?

Theorem (GSA and Capdeboscq, CM 2016)

Take ¢ = 1. Assume that o and ¢ are real analytic. The set
{(wl,.. ,Wap1) € AL mén (ug, |+ |de+1|)>0}

is open and dense in A%t
In other words, (almost any) d + 1 frequencies are ok.

Proof-

> Classical elliptic regularity theory implies that u? is real analytic
» Theset X ={z € Q: |[uf,| = = |uf,| =0} is an analytic variety
» Stratification for analytic varieties: X = Up Ap, A, analytic submanifolds

> Use that {w : u%(z) = 0} consists of isolated points (holomorphicity in w)
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Some related works

> Ammari et al. (2016) have successfully adapted this method to

div((we +i0)Vul,) = 0.
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Some related works

> Ammari et al. (2016) have successfully adapted this method to
div((we +i0)Vul,) = 0.
» In 2D, everything works with a € C%%(Q; R?*2) and
div(a Vul) + (w?e + iwo)ul, =0

by using the absence of critical points for the conductivity equation.
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Some related works

> Ammari et al. (2016) have successfully adapted this method to
div((we +i0)Vul,) = 0.
» In 2D, everything works with a € C%%(Q; R?*2) and
div(a Vul) + (w?e + iwo)ul, =0

by using the absence of critical points for the conductivity equation.

> In 3D, we already know that in general for w = 0 we may have critical points.
What can we do?
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What if a % 1 in 3D7

The case w = 0 may not be needed for the theory to work:

=

o(m)

1
Up
o(—) /

=«
:1 — / T
— I
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What if a % 1 in 3D7

The case w = 0 may not be needed for the theory to work:

to

p(r)=1 -7 T
1 Uw

Theorem (GSA, ARMA 2016)

Suppose a,e € C*(R?) and o = 0. For a generic C* bounded domain 2 and a
generic p € C*(Q) there exists a finite K C A such that

Z |V, (z)| > 0, in Q.

weK
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

Ll

"< Permittivity inhomogeneities
*+ Acoustic wavefront

EM detector

Acoustic transductor
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
L {Auw—l—wQauw:OinQ,

%L; — Wi, = @ on OSL.

"< Permittivity inhomogeneities
*+ Acoustic wavefront

EM detector

Acoustic transductor
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
I {Auw—i-wQEuw:OinQ,

%—; — Wi, = @ on OSL.

"< Permittivity inhomogeneities

*~ Acoustic wavefront

EM detector
x » Internal data:

: 2

/ Yo = |uw|"Ve

Acoustic transductor
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
Ll Aug, + w?eu, =0in Q,
LT . ) .
i "~ Permittivity inhomogeneities % — WU, = @ on of.

*+ Acoustic wavefront

EM detector
» Internal data:
2
Yy = |uw|*Ve

» Linearised problem:
Dipy[e](p) = p

Acoustic transductor
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
L Aug, + w?eu, =0in Q,
LT . ) .
i "~ Permittivity inhomogeneities % — WU, = @ on 0.

*+ Acoustic wavefront

EM detector
» Internal data:
2
Yy = |uw|*Ve

» Linearised problem:
Dipy[e](p) = p

Acoustic transductor

In order to have well-posedness of the linearised inverse problem we need

IDYulel()l = Clloll,  p e HY(Q),

or equivalently ker D, [e] = {0}.
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
L Aug, + w?eu, =0in Q,
LT . ) .
i "~ Permittivity inhomogeneities % — WU, = @ on of.

*~ Acoustic wavefront
EM detector P

» Internal data:
2
w = |uw|“Ve

» Linearised problem:
Dipy[e](p) = p

Acoustic transductor

In order to have well-posedness of the linearised inverse problem we need

S DY)l = Cr lpll,  pe HY(Q),

weK

or equivalently N,c i ker D, [e] = {0}.
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Acousto-electromagnetic tomography (Ammari et al., 2012)

Incident microwave

e » Model
L Aug, + w?euy, =0in Q,
LT . ) .
i "~ Permittivity inhomogeneities % — WU, = @ on 0.

*~ Acoustic wavefront
EM detector P

» Internal data:

o = |uw\2VE

» Linearised problem:
Dipy[e](p) = p

Acoustic transductor
In order to have Well—posedness of the linearised inverse problem we need
> Dl = Cxlloll,  pe H'(S),
weK
or equivalently Ny x ker D, [e] = {0}.

Theorem (Alberti, Ammari, Ruan, 2014) This holds true with a priori determined
frequencies K and stability constant C.

Giovanni S. Alberti (University of Genoa) Constraints in hybrid imaging RICAM, 13 July 2017 24 / 29



Numerical experiments
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Numerical experiments

(d) K ={10,15,20}
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Outline of the talk

© The Maxwell's equations
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Constraints for Maxwell's equations

» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlB* = iwH'* in Q,

curlH' = —i(we +i0)E* in Q,
E'xv=¢;xv  on 0.

H'(z) — &0
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Constraints for Maxwell's equations

» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlB* = iwH'* in Q,

curlH' = —i(we +i0)E* in Q,
E'xv=¢;xv  on 0.

H'(z) — &0

» The relevant constraint in this case is

|det [E'(z) E*(z) E3*(x)]|>0.
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Constraints for Maxwell's equations
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curlB* = iwH'* in Q,

curlH' = —i(we +i0)E* in Q,
E'xv=¢;xv  on 0.

H'(z) — &0

» The relevant constraint in this case is

|det [E'(z) E*(z) E3*(x)]|>0.

» CGO solutions may be used [Chen Yang, IP 2013].
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» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlB* = iwH'* in Q,

curlH' = —i(we +i0)E* in Q,
E'xv=¢;xv  on 0.

H'(z) — &0 )

» The relevant constraint in this case is
|det [E'(z) E*(z) E3*(x)]|>0.

» CGO solutions may be used [Chen Yang, IP 2013].
» The multi-frequency method discussed above works as well [GSA, JDE 2015].
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Constraints for Maxwell's equations

» MREIT [Seo et al., 2012, Bal and Guo, 2013]
curlB* = iwH'* in Q,

curlH' = —i(we +i0)E* in Q,
E'xv=¢;xv  on 0.

H'(z) — &0 )

» The relevant constraint in this case is
|det [E'(z) E*(z) E3*(x)]|>0.

» CGO solutions may be used [Chen Yang, IP 2013].
» The multi-frequency method discussed above works as well [GSA, JDE 2015].
» In both cases, the regularity of the solutions is a fundamental ingredient.
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Regularity for Maxwell's equations

Theorem (GSA, 2016)

Assume that _
g€ CO(Q;C?),  |l(me)llgoe <A

and that are uniformly elliptic (constant A). Take J., J,, € C*%(Q;C3) and
G € CY*(curl, Q). Let (E,H) € H(curl,Q)? be a weak solution of

curlH = iweE + J. in Q,

curlE = —iwpH + Jp,,  in €,

Exv=Gxv ondf,
Then E, H € C%*(Q;C?) and

I(E, H)llgo.« < CIE, H)lL2iouesyz + Gl eu,e) + I1(es Tm)llco.c@es)2)

for some constant C' depending only on Q, A and w.
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Regularity for Maxwell's equations

Theorem (GSA, 2016)

Assume that _
g, 1 € C(Q;C*3), (1, )l go.a <A

and that are uniformly elliptic (constant A). Take J., J,, € C*%(Q;C3) and
G € CY*(curl, Q). Let (E,H) € H(curl,Q)? be a weak solution of

curlH = iweE + J. in Q,

curlE = —iwpH + Jp,,  in €,

Exv=Gxv ondf,
Then E, H € C%*(Q;C?) and

I(E, H)llgo.« < CIE, H)lL2iouesyz + Gl eu,e) + I1(es Tm)llco.c@es)2)

for some constant C' depending only on Q, A and w.

Take-home message: regularity for Maxwell is exactly as in the elliptic case!
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Conclusions

» The inversion in quantitative hybrid imaging often requires the solutions to
the direct problem to satisfy certain non-zero constraints.
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Conclusions

» The inversion in quantitative hybrid imaging often requires the solutions to
the direct problem to satisfy certain non-zero constraints.

> It is in general difficult to enforce these constraints a priori (independently of
the unknown coefficients), but certain techniques are available:
» The Radé-Kneser-Choquet theorem and its generalizations (only in 2D,
counterexamples in 3D)
» CGO solutions
» The Runge approximation
» The multi-frequency approach
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Conclusions

» The inversion in quantitative hybrid imaging often requires the solutions to
the direct problem to satisfy certain non-zero constraints.

> It is in general difficult to enforce these constraints a priori (independently of
the unknown coefficients), but certain techniques are available:
» The Radé-Kneser-Choquet theorem and its generalizations (only in 2D,
counterexamples in 3D)
» CGO solutions
» The Runge approximation
» The multi-frequency approach

> Are these constraints generically satisfied for a fixed number of boundary
conditions?
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