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Problem formulation

Time-harmonic Maxwell's equations

curl H = —i(we +i0)E + J. in Q,
curl B = iwpH + J,p, in Q,
Exv=0 on 01,
with
E,H € H(curl,Q) = {F € L*(Q;C3) : curl F € L*(;C*)}.
Main regularity questions:
> E.H e H!
» E . Hc (%
» E,Hc H*, E,H¢cCk>
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Interior regularity

We consider the regularity of the solutions
E,H € H(curl, Q)

to ;
,—H .
curl H = —i (we +i0) E + J, in Q,
curl B = iwpH + Jpp, in Q,

in a compact set
K e Q.
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Warm up

Let's consider the limit w — 0:

curl £ = iwpH curl E =0
curl H = —i(we +io)E + J. curlH =oE + J.

Writing I = Vg, this yields the conductivity equation for the electric potential ¢z
—div(oVqg) =div J.

Elliptic reqularity:
> oW —= qpe H> = EcH!
> (% = qpeCh® = FEec(C%
» Higher regularity
> ...
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Warm up 2

Let's study H' reqularity in homogeneous isotropic media:

{ curl H = —ivE + J, in Q,
curl B = iwpoH + Jn in Q.
with sources
Jey Jm € H(div,Q) = {F € L*(;C?) : div F € L*(Q;C?)}.
Key observation:

. _ —1 . 2
{ divE = —ivy,  divJ. € L*(Q) N E e HL.()

curl B = iwpoH + J,, € L2(Q)
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Gaffney-Friedrichs Inequality (without boundary)

Theorem
We have
H(curl, Q) N H(div,Q) C HL.(Q)
and
IVE| L2y S || curl Fl|p2q) + || div F 2 ) + | Fll 22 () -
Proof.

» Helmholtz decomposition: F = V¢ + curl ® with div® =0

> By elliptic reqularity applied to » By elliptic reqularity applied to
—A® = curlcurl ® = curl ¥ —Ag=—-divVg=—divF
we obtain ¢ € HZ (Q2), so that we obtain g € HZ (), so that
curl® € H (Q). Vq € HE ().
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Basic assumptions

~

e N .
curl H = —i (we +i0) E + J, in Q,
curl E = iwpH + Jpp, in Q,

» frequency w >0
> the coefficients ¢,0 € L (;R**3) and p € L™ (Q; C3*3) are elliptic:
AP <geE, EER

AP < (u+aT)E EEeR?,

» sources J., J,, € L?(£;C?)
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H! regularity

curl H = —ivE + J, in Q,
curl B = dwuH + Jpy, in Q,

Theorem

Ifeope W and J., J, € H(div,Q) then E, H € H. ().

Proof.
Assume for simplicity =, 1 € W',

» Helmholtz decomposition: E = Vqg + curl®g, H = Vqg + curl®y

» By elliptic reqularity applied to

—Adp =iwpH + Jpy,
7A®H = 72"')/E + Je

we obtain ¢, &y € HZ ...
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» By elliptic reqularity applied to

—div (uVqy) = div (,ucurl Oy — iw‘lJm) e L?
—div (7Vqg) = div (ycurl @ + iJ,) € L?

we obtain gz, g € HZ ().



C"> regularity

Theorem

If = 0, e 0" and J, J,, € C%* with a € (0,1], then E, H € C2%(Q).

Proof.

The Helmholtz decomposition E = Vqg + curl ®g, H = Vqy + curl @ yields
— Adp = iwuH + Jp, —div (uVqg) = div (u curl @ — iw_lJm)
—ACy = —ivE+ J. —div (vVgg) = div (ycurl @g + iJ,)

» H?regularity: ®p, &5 € H?> C W6, so that curl g, curl @y € LS

» WP reqularity: Vgg, Vqg € L5 sothat E, H € LS

> W2r reqularity: @5, &5 € W25, so that curl &, curl & € W6 C €02
» Schauder estimates: Vqg, Vgur € C%%, so that E, H € C%©
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Higher regularity

Higher regularity results Higher regularity results
. . — B .
for elliptic equations for Maxwell's equations

Theorem
Ife,o,pe W3 and J, J,, € H" (div,Q) then E, H € HY (Q).

Theorem
Ife,o,peCV>and J., J, € CV> witha € (0,1], then E, H € C;°.(Q).
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Elliptic boundary regularity

Key points:
1. Helmholtz decomposition of £ and H:
E=Vqgg +curl®p, H =Vqyg+curl®y
2. Elliptic reqularity applied to:

—Adp =iwpH + Jp —div (uVqg) = div (peurl @y — iw_lJm)
— APy =—ivE+ J, —div (yVqg) = div (yeurl g + iJ,)

So:
» We can use boundary elliptic regularity!
» Need boundary conditions for the potentials ®g, @y, qr and qg:

¢r-v=0, by xv=0, qe =0 on o9
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Boundary conditions for ¢

» Elliptic PDE:
—div(4vVgg) = div (ycurl @g + iJ,)

» The Helmholtz decomposition gives

qg =0 on o)

» Dirichlet problem!
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Boundary conditions for ¢

» Elliptic PDE:

—div (uVqy) = div (/1, curl @y — iwilJ,,,) in Q

» From
O0=div(Exv)=curl E-v=iwuH v+ Jp -v=iwuVqy -v+iwpcurl @y - v+ Jp, - v
we obtain
—uNVaqg v = (/1, curl ®y — iwiljm) -V on of)

» Neumann problem!
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Boundary conditions for ¢ and ¢

» 6 PDEs:
—APp =iwpuH + Jpy,, APy = —ivE+ J.

» 3 Boundary conditions:

Pp-v =0, Py xv=0, on of)

» What to do?
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The flat case

> Let's focus on ®:

~Ady = —ivE + J. in Q, Oy xv=0, on 9.

> Suppose 2 = {z3 < 0}, so that v = e;. Thus:
Py xrv=0 = <(I)H>l = ((I)H>2 =0
and

divdéy =0 = 81(<I>H)1+82(<I>H)2+83(<I>H)3:0 — 83(<I>H)3 =0 = UU((I)H);g =0

» Dirichlet and Neumann problems!
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Flattening out the boundary

> Q) islocally defined by
x3 < K(x1,T2)

> Change of coordinates y = ¢(z):

Y1 = 21, Y2 = T2, ys = w3 — K(z1, T2)

y-coordinates

x-coordinates
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Piola transformation

x-coordinates

> Setting

we have
curl E = iwpH + J,p,
—div(yE) = div(iJ.)
Exv=0
» Same equations!
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curl E = (iwpH + Jm)”
—div(5E) = div(iJ.)
E x €3 = 0
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What regularity is needed?

» New PDEs
curl B = (iwpH + Jp), —div(FE) = div(iJ,), Exes=0

with coefficient

> If 90 is of class C'!, then & € C%! and
- H'regularity:y e W™ — 5 c Whe
- % regularity: v € C** = 5¢€ C%*

» Higher reqularity: o0 of class CV:!
» Non-smooth domains: many results (Buffa, Costabel, Dauge, Nicaise ...)
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Other results
» Regularity only for E or H:

yeC¥ —= E e %

> WP regularity:
Y EWW p>3 — E HecWh?

> Meyers theorem:

no additional assumptions = E, H e L**°

> Asymptotic expansions in the presence of small inhomogeneities
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Maxwell regularity

Helmholtz decomposition + elliptic regularity
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